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ABSTRACT

Planning involves a process of considering future states before acting. To understand this pro-
cess, researchers typically infer planning algorithms by fitting computational models to choices.
However, different planning models often predict the same choices, despite relying on different
computations. Reaction time can help distinguish among models, since different computations
produce different temporal signatures. However, incorporating reaction time into fitting is chal-
lenging because analytical likelihoods are typically unavailable. Here we propose a likelihood-
free method to estimate the density for choices and reaction times in multi-stage decision mak-
ing. We validate the method through comparisons with analytical solutions, parameter recov-
ery, and showing robust estimates relative to distribution-free and summary statistic approaches.
Through a new human experiment and fitting evidence accumulation models from Solway and
Botvinick (2015), we demonstrate that modeling the full distribution is important to explain hu-
man behavior. Overall, our method is a valuable tool for modeling reaction times in multi-stage

decision-making.
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1 INTRODUCTION

Every day, people engage in sequential decisions — choosing courses of study, organizing daily
routines, or navigating dynamic environments - that require mentally simulating multiple future
outcomes before acting. This ability to anticipate and evaluate future consequences is a defin-
ing characteristic of planning [Mattar and Lengyel 2022], formalized as a tree search problem in
which people construct and search a decision tree that links present actions with distant rewards
[Kuperwajs et al. 2025]. Understanding the cognitive and computational mechanisms that en-
able such planning is therefore essential to explaining how humans make adaptive, goal-directed
choices in complex, uncertain environments.

Because planning is an internal, unobservable process, researchers must infer its structure
indirectly from behavior. Over the past decade, a rich body of research has modeled human plan-
ning by fitting computational models to choices in multi-stage decision-making [Daw et al. 2011].
This approach reveals that people rarely engage in exhaustive planning, instead employing ap-
proximate and bounded algorithms that selectively expand promising branches while pruning
costly ones [Huys et al. 2012, 2015]. Planning depth and precision adapt flexibly to uncertainty
[Fan et al. 2024], working memory capacity [Ying et al. 2024], and effort costs [Callaway et al.
2022], consistent with a resource-rational trade-off between expected reward and cognitive ex-
penditure [Lieder and Griffiths 2020].

While choice data yields numerous insights, additional behavioral measures are often needed

for fine-grained algorithmic distinctions. This is because different planning models can produce



the same choice—often the best available option—despite relying on very different computations.
To mitigate this model indeterminacy issue, planning models can be compared additionally in
their ability to predict human reaction time, since it provides an additional constraint on the
underlying computation. Reaction time can, thus, serves as a key behavioral measure for distin-
guishing among planning algorithms [Callaway et al. 2024; Schwdbel et al. 2024]. Solway and
Botvinick [2015] demonstrated this approach by modeling planning dynamics as an evidence in-
tegration process. By analyzing reaction time patterns, they compared different forms of evidence
integration and found that planning in their task was best described as integrating evidence in
parallel across time, with competition occurring across independent paths within the decision
tree.

Modeling the temporal dynamics involved in multi-stage decision making, however, poses a
methodological challenge. Unlike sequential sampling models (SSMs) used in simple choice tasks
[Ratcliff 1978; Brown and Heathcote 2008; Turner et al. 2018], computational models of multi-
stage decision making generally lack analytical solutions for the joint probability on choices and
reaction times. As a result, researchers have fit models based on summary statistics, or used
likelihood-free inference approaches. However, both approaches have important limitations. Fit-
ting summary statistics compresses behavior into a few summary values [Solway and Botvinick
2015], potentially hiding variability in the data. Approximating the likelihood using marginal
RT quantiles [Heathcote et al. 2002] assumes independence across stages, an assumption often
violated in multi-stage tasks. Inverse binomial sampling (IBS) provides unbiased likelihood esti-
mates for discrete data [van Opheusden et al. 2020], but extending it to continuous variables is
nontrivial, leaving detailed aspects of the data distribution unmodeled.

Here we develop a probability density approximation (PDA) method, building on Turner and
Sederberg [2014], for estimating likelihoods in multi-stage decision making. We validate PDA
using evidence accumulation models from Solway and Botvinick [2015] and a new human plan-

ning experiment, demonstrating that PDA produces likelihood estimates closely matching analyt-



ical solutions where available and supports accurate parameter recovery relative to alternative
methods. Critically, when applied to human data, fitting the full joint distribution of reaction
times—rather than relying on summary statistics or marginal fits—reveals systematic model mis-
specification undetectable from psychometric curves alone and leads to different model selection
conclusions. These results demonstrate that modeling the full reaction time distribution is critical
for recovering the temporal dynamics of planning and for reliably evaluating multi-stage decision

models.



2 METHODS

2.1 DECISION TREE NAVIGATION TASK

We adapted the sequential decision task from Solway and Botvinick [2015], modifying the spatial
layout to prevent participants from using physical proximity as a cue to connectivity. States
were arranged in a circle [Callaway et al. 2024; Correa et al. 2023; Zhu et al. 2022], which limits
rapid visual scanning for high-reward regions and requires participants to internally track action
sequences, thereby increasing reliance on internal planning. The task environment consisted of
11 states, each labeled with a shape indicating the points gained or lost upon visiting (Fig. 2.1A).
Arrows indicated available transitions between states. On each trial, participants navigated from
an initial state to a terminal state, accumulating points along their trajectory (Fig. 2.1B). To select
an action, participants cycled through available options using the ‘F’ key and confirmed with the
‘T’ key; decisions were irreversible. Participants’ goal was to maximize total points. Trials used

one of two tree configurations— Tree 1’ or “Tree 2°—(Fig. 2.1C), presented in random order.

2.1.1 EXPERIMENTAL PROCEDURE

The experiment began with an interactive instruction phase introducing the task structure and
rules. Participants then completed guided practice trials, including moving to designated loca-
tions to demonstrate task comprehension. To verify learning of the shape-reward associations,

participants completed 10 binary-choice practice trials and were required to achieve the maxi-
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Figure 2.1: Task design and illustration of probability density approximation (PDA) method. (A) The
reward associated with each shape ranged from -4 to 4. (B) The task interface shown to the participants.
Participants select a node by key press. Their current state is highlighted in blue, and the chosen action
is highlighted in orange. The goal is to maximize number of points by navigating in the graph. (C) Two
tree configurations. Each node is one state, and each arrow corresponds to an action in the graph. (D) An
illustration of PDA. The method draws samples from the simulator model and then uses a two-dimensional
Gaussian kernel to estimate the joint probability density of response time. The red lines and star indicate
the true reaction time a participant had in this example trial. The blue dashed line indicates the mean of
the response time distribution.

mum points on all trials. Participants who did not meet this criterion received additional clari-

fication before proceeding. Following practice, participants completed 200 or 300 experimental

trials.

2.1.2 PARTICIPANTS

Forty-five participants were recruited from Prolific who is fluent in English. Following Solway
and Botvinick [2015], we excluded trials with response times shorter than 500 ms or longer than
10 s. After exclusions, the final dataset comprised 4772 trials for Tree 1 and 4589 trials for Tree 2.
For model fitting, we included only trials with the “Tree 2’ structure, which provides the minimum

branching complexity needed to distinguish between the candidate models.



2.2 STATISTICAL ANALYSES

To examine the effects of first-stage and second-stage accuracy and reaction time across differ-
ent levels of decision difficulty, we first log-transformed the reaction time data and computed
participant-level means. We then conducted repeated-measures ANOVAs separately for accu-
racy and reaction time. Because each participant completed a limited number of trials and reward
configurations were randomly assigned, some difficulty levels in stage 1 contained missing obser-
vations. To address this, missing values were imputed using the corresponding population-level

mean accuracy and reaction time.

2.3 COMPUTATIONAL MODELS

Solway and Botvinick [2015] proposed a family of 13 evidence accumulation models for model-
based tree search, differing in their assumptions about noise structure, pruning mechanisms, and
search strategies. For brevity, we introduce only the two models used to validate our likelihood-

free inference method; full model specifications are provided in Solway and Botvinick [2015].

2.3.1 FOoRWARD GREEDY MODEL (FG)

The forward greedy (FG) model assumes that decisions at each stage are made independently,
based only on immediate rewards. At the first stage, evidence for each action accumulates ac-

cording to:

Ei*' =E +d,- Ry + €y,
(2.1)

ER' =Ej +d; - Ry + g,
where E denotes cumulative evidence for a given action, d; is the drift rate, R; and Ry are rewards

at the respective next states, and € denotes zero-mean Gaussian noise € ~ N (0, o) with standard

deviation o = 0.01. Following Solway and Botvinick [2015], we use L and R to denote the two



actions, though these do not correspond to spatial locations given our circular layout. A decision
occurs when the evidence difference exceeds threshold 0.

At the second stage, the two states within the chosen branch compete via an analogous pro-
cess. For example, if action R is selected:

ER = Ej; +dy - Rpp + gy,
(2.2)

E]t:}—el = EItQR + dz - Rrr + €grg,
with threshold 6,. Each stage includes a non-decision time parameter (T; and T;) accounting for

perceptual and motor processes. Integrators reset to zero at each stage.

2.3.2 TWO STAGE INDEPENDENT-PATH MODEL (TS)

In contrast to the stage-wise FG model, the two-stage independent-path (TS) model treats each
complete path through the tree as a single evidence integrator, allowing information about fu-
ture rewards to influence the first-stage decision. Evidence for each of the four paths is updated

according to the cumulative reward along that path:

E} =Ej; + (diRy +€) + (diRyL + €e11),
Ei'p =Ej g+ (diRy + 1) + (diRig + €1p),

(2.3)
Eg =Eg; + (diRg + €r) + (diRgy + €gy),

Egg = Exg + (diRg + €g) + (diRr + €gp).

A first-stage decision occurs when the difference between the best and second-best paths exceeds
threshold ;. The second stage continues accumulating evidence for the two remaining paths
until their difference exceeds 6,, with 6, > 6; to ensure the second-stage decision follows the

first. Non-decision time parameters T and T, apply as in the FG model.



2.4 MODEL FITTING

We compare three approaches for fitting models to behavioral data: probability density approx-
imation (PDA), which we develop here for multi-stage decisions; residual sum of squares (RSS)

[Solway and Botvinick 2015]; and inverse binomial sampling (IBS) [van Opheusden et al. 2020].

2.4.1 PROBABILITY DENSITY APPROXIMATION (PDA)

Our approach extends the PDA framework of Turner and Sederberg [2014] to multi-stage decision-
making. The key idea is to approximate the likelihood of observed choices and reaction times by

simulating the model many times and using kernel density estimation on the resulting samples.

N
i=1

PDA requires two components: (1) a dataset D = {s;, ¢;, t;}.", consisting of N trials, each charac-
terized by a state vector s;, choice vector ¢;, and reaction time vector ¢;; and (2) a generative model
M that takes a state s and parameter vector 0 as input and outputs responses r over choices and
reaction times.

Assuming independence across trials, the joint likelihood of choices and reaction times given

the reward and model parameters can be written as:

N
L@ let)=| [ Mt | 6) (2.4)

i=1

Following Turner and Sederberg [2014], we factorize the joint distribution using the chain rule:

plercotita | 0) =p(er,ca | 0) p(ty, ta | c1,c2,0) (2.5)

We use this identity to compute the empirical likelihood of choices and reaction times in our

experimental dataset for each parameter/model combination. The choice probability, p(cy, c2 | ),



is estimated from empirical frequencies:

n(cls CZ)

J

ple,ca | 0) = (2.6)

where n(cy, ¢z) is the number of simulated trials yielding choice pair (cy, c2). The conditional
RT density, p(t1,t; | c1,c2, ), is estimated via multivariate kernel density estimation. Let x =
(t1,t2) and let {x;}!" ; be the simulated RTs matching the observed choice. The density estimate
is:
. 1 <&
fir(x) = = ) Kir(x = ), (27)
i=1

where Kg is a Gaussian kernel with bandwidth matrix H:

1

Ky (u) = —(Zﬂ)d/2|H|1/2 e

xp(—%uTH_lu) (2.8)

The bandwidth matrix H uses a rule-of-thumb scaling based on the sample covariance matrix 2,

which balances bias and variance in the density approximation [Silverman 1986]:

4\
H=|-— “ld+dy, 2.9
(d + 2) " 29)

where d is the RT vector dimensionality and ¥ is the sample covariance. As n — co, H — 0 and
the estimate converges to the true density.

Figure 2.1D illustrates PDA for a single trial: the model is simulated repeatedly for a given
reward configuration, and the resulting RT samples are used to estimate the joint density (Eq. 2.7).
The observed RT (red marker) falls near the density peak, indicating high likelihood under the

current parameters.



2.4.2 RESIDUAL SUM OF SQUARES (RSS)

In Solway and Botvinick [2015], for each candidate parameter vector @, the model was simulated
once for every empirical trial, and predictions were summarized into psychometric curves (i.e.,
choice accuracy and mean RT as functions of task difficulty). The objective function was the

residual sum of squares (RSS) between empirical and simulated curves

n 2
b

RSS(0) = Z (yj‘*‘ta - yjim(e)) (2.10)
=1
where yj.lata and y;im(G) are the j-th binned statistics from data and simulation, respectively. Since

the accuracy and reaction times are not in the same magnitude, we rescales the RTs. Specifically,
the first stage reaction times were divided by 10000 and second-stage reaction times by 1000. This
rescaling makes them on more equal weights on the total objective function. Then, BIC values

were computed as follows:

BIC = kIn(n) + nIln(RSS/n) (2.11)

where k is the number of parameters, n is the number of data points, and RSS is the residual

sum of squares.

2.4.3 INVERSE BINOMIAL SAMPLING (IBS)

IBS estimates the log-likelihood by repeatedly simulating from the generative model until a sim-
ulated response matches the observed one [van Opheusden et al. 2020]. Concretely, for each trial
i, simulations are drawn until the first "hit" occurs. The number of simulations required, denoted

K;, follows a geometric distribution with success probability

Pr(Ki=k) =pi(1-p)*t, k=1,2,... (2.12)

10



An unbiased estimator of the log-likelihood contribution for trial i is then given by

Ki—1 1
L:;;E=wn—wmx (2.13)

where 1/(+) is the digamma function. Summing across trials yields the overall IBS estimator:

N N
Ls(0) = > L= > [¥(1) - y(Ky)]. (2.14)
i=1

i=1 i=
For continuous variables such as reaction time, IBS is implemented by introducing a tolerance

region around the observed value t,ps. That is, a simulated response t() is counted as a match if
1) — tops| < & (2.15)
The success probability of this matching process,
ps =Pr(|T —tops| <61 6). (2.16)
provides the basis for the likelihood estimate, where T is the model-generated RT.

2.4.4 OPTIMIZATION

All three fitting methods require stochastic simulation, making objective function evaluation
noisy and computationally expensive. We used Bayesian Adaptive Direct Search (BADS) [Acerbi
and Ma 2017; Singh and Acerbi 2024], a derivative-free optimizer designed for expensive, po-
tentially non-smooth objectives. In brief, BADS is a hybrid method that combines Gaussian
process-based Bayesian optimization with mesh adaptive direct search (MADS)[Audet and Den-
nis Jr 2006]. The GP surrogate guides efficient exploration by balancing exploitation uncertainty,

while the direct search component provides a robust fallback when the surrogate is inaccurate.

11



This combination makes it well-suited for our cases, which can offer robust and sample-efficient

optimization without requiring gradients.

2.5 VALIDATION OF THE PDA APPROACH

2.5.1 COMPARISON WITH ANALYTICAL SOLUTION

To assess whether PDA recovers accurate likelihood estimates with finite samples, we compared
PDA against an analytical solution available for the FG model. Because the FG model treats each
stage independently, it can be reparameterized as a drift-diffusion process with tractable first-
passage time densities:

dx = pdt + odW (2.17)

where W is the standard Wiener process and the drift rate p = d;(Ry — Rg) is determined by
the reward difference at each stage. Treating each stage as a separate diffusion process, we can

analytically compute the first-passage time (FPT) density [Drugowitsch 2016]:

g1 = feer(t1 | p1, 01, upper,),
(2.18)

g2 = frpr(t2 | p2, 02, upper,),
with total log-likelihood:

logp(t1,t2 | ¢,0) =logg; +log gs. (2.19)

To compare analytical and PDA likelihood estimates, we first fit the FG model to each partici-
pant using the analytical likelihood. We then evaluated PDA log-likelihoods trial-wise at the fitted
parameters using J = 1000 simulations, requiring at least 100 simulated samples with matching
choices.

We found that PDA and analytical log-likelihoods show strong agreement, with high correla-

12
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Figure 2.2: Comparison between analytical solution and PDA likelihood estimates in FG model. (A)
Trial-wise PDA and analytical log-likelihood show strong correlation. (B) Difference indicates near-zero
bias and tight agreement, with no systematic deviation across the likelihood range. (C) A one-parameter
likelihood slice around the fitted optimum shows that PDA preserves the local shape and peak of the
likelihood landscape. (D) Subject-level RMSE of trial-wise log-likelihood differences remains low across
participants.

tion and small, well-controlled differences across the likelihood range (Fig. 2.2A-B). To verify that
the PDA estimator preserves not only pointwise likelihood values but also the geometric struc-
ture of the likelihood function, for a representative participant, we fixed all model parameters at
their fitted values and varied one key parameter (6;) over a local range around the optimum. The
resulting PDA likelihood curves can preserve the local geometry of the likelihood landscape rele-

vant for parameter optimization (Fig. 2.2C). Finally, subject-level root mean square error (RMSE)

are uniformly low, indicating stable agreement across participants (Fig. 2.2D).

2.5.2 PARAMETER RECOVERY

Parameter recovery assesses whether an inference method can reliably recover true generative

parameters under controlled conditions [Wilson and Collins 2019]. We used this approach to

13
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Figure 2.3: Parameter recovery across different fitting method. Analytical likelihood, PDA, RSS and IBS
are shown as scatter plots comparing ground truth 6; with fitted 6 in forward greedy model. Dashed
lines indicate the identity line, and r indicates Pearson correlation coefficient.

evaluate PDA relative to RSS and IBS, with analytical likelihood as a benchmark.

We generated 50 synthetic datasets of 100 trials each from the FG model. For each dataset, pa-
rameters were sampled from the following distributions: d; and d, log-uniformly from [107>, 1072],
0 and 6, uniformly from [0.01, 1], and T; and T, uniformly from [100, 5000] ms. All six parame-
ters were then jointly refit using each method.

Recovery quality differed markedly across methods (Fig. 2.3). PDA achieved near-perfect re-
covery comparable to the analytical benchmark, with fitted parameters tightly aligned to the
identity line. RSS showed substantial variability and systematic deviations, reflecting poor iden-
tifiability. IBS performed comparably to PDA in correlation but systematically underestimated
decision thresholds, likely because its tolerance-based matching criterion does not fully capture

the right-skewed shape of RT distributions.
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3 REsuULTS

3.1 HuMmAN BEHAVIOR

We first analyzed whether human choices and response times were systematically modulated
by decision difficulty. Consistent with Solway and Botvinick [2015], our repeated-measures
ANOVAs showed reliable effects of decision difficulty on both first-stage behavior and second-
stage behavior. First-stage choice accuracy varied significantly across difficulty levels (F(9,396) =
58.08,p = 5.88107%7, ryf, = .569; See Fig.3.1A) 1 indicating that participants were more likely to
make the optimal first-stage choice when the best path was more clearly separated from the al-
ternatives. First-stage log reaction time also showed a significant difficulty effect (F(9,396) =
49.86,p = 7.63107%°, 1712, = .531; See Fig.3.1D), suggesting faster decisions for easier tree-search
problems.

At the second stage, accuracy depended significantly on the absolute value difference between
the two remaining options (F(7,308) = 14.95,p = 836107 ", 5 = .254; See Fig.3.1B). Second-
stage log reaction time also varied significantly with value difference (F(7,308) = 15.83,p =
9.6610718, 1712, =.265; See Fig.3.1E). This pattern mirrors the original finding that second-stage de-
cisions are not merely automatic continuations of a first-stage plan, but instead involve additional

value-sensitive deliberation.

IThese results are computed after imputing the value by population means, However, the results is still significant
for only 8 participants who have observations for each difficulty levels.
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3.2 MODEL FITTING

In this section, we aimed to replicate the key finding from Solway and Botvinick [2015]—that the
TS model best explains human planning behavior. Here, we primarily focus on tree 2 configu-
ration due to its symmetric structure, unlike tree 1 that predict fixed non-decision time if agent
choose the branch that only has single path.

Using the original RSS fitting procedure, we simulated all 13 candidate models from that study
on our new experimental data, aggregating predictions into group-level psychometric curves and
minimizing RSS between empirical and simulated curves. Consistent with the original findings
(see Table A.1in Appendix), the TS model provided the best fit to both accuracy and reaction time
psychometric curves at the first stage and second stage (Fig. 3.1%). Model comparison using their
Bayesian information criterion (BIC) favored the TS model over alternatives (TS: BIC = -289.11;
FG: BIC = -257.96).

We next applied our PDA method by fitting model parameters at the individual level to assess
the robustness of the results (see Table A.2 in Appendix). In contrast to the previous RSS result,
the forward greedy model emerged as the preferred model under individual-level fitting (TS: BIC
= 3556.85; FG: BIC = 3523.47). To further examine this discrepancy, we simulated data using
individually fitted parameters and constructed group-level psychometric curves. Although both
models underestimate choice accuracy at low difficulty levels in both stages relative to human
data (Fig. 3.1A and Fig. 3.1B), the most pronounced divergence arises in the second-stage reaction
times as a function of second-stage reward difference (Fig. 3.1E), where the TS model differs
substantially in its fit.

To elucidate the source of the divergent model comparison results and the qualitative dif-
ferences observed in the psychometric curves, we draw on insights from Ritz et al. [2026], who

demonstrated that apparent model mimicry can arise artefactually from model misspecification.

2For brevity, we only plot and discuss the TS and FG models.
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Figure 3.1: Replication of psychometric curves in Solway and Botvinick [2015]. Fits of the TS and FG
model using RSS and PDA are shown. (A) First stage choice accuracy as a function of the difference be-
tween the maximum path value and the average of other path values. (B) Second stage choice accuracy as
a function of the absolute reward difference. (C) Overall accuracy as a function of the difference between
the maximum path value and the average of other path values. (D) First stage reaction time versus the
difference between the maximum path value and the average of other path values. Only correct trials are
included. (E) Second stage reaction time versus absolute reward difference. (F) First stage reaction time
across different tree configuration.

Accordingly, we conducted posterior predictive checks using parameters fitted with RSS and PDA,
examining the reaction time distributions at both the first and second stages via kernel density
estimation. As shown in Fig. 3.2, although the TS model fitted using RSS best reproduces the ag-
gregate psychometric curves, it systematically deviates from the empirical reaction time distribu-
tions. This discrepancy is particularly pronounced at the second stage, where the model predicts
an unrealistically sharp peak rather than the right-skewed distribution observed in human data.
In contrast, while PDA does not fully capture all fine-grained features of the second-stage reac-
tion time pattern (in Fig. 3.1E), it more accurately reproduces the overall distribution (Fig. 3.2).
For reference, the reaction time distribution at the second stage is also not well accounted for by
the FG model using either RSS or PDA.

Why does the bad prediction at the second stage reaction time distribution only occur in RSS
instead of PDA? A plausible explanation related to the assumption in the TS model that evidence

continues accumulating between stages. In this model, the first-stage decision threshold is de-
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Figure 3.2: Posterior predictive checks of first-stage and second-stage reaction time distributions for the
TS and FG models fitted using RSS and PDA. Reaction time distributions are estimated using a Gaussian
kernel.

termined solely by the difference between the best and second-best paths. Consequently, upon
entering the second stage, the evidence difference within the selected branch may already ex-
ceed the second-stage threshold, resulting in near-immediate termination® and a small reaction
time. This happen in 57.52% of trials when using RSS, but only 24.73% of trials when using PDA.
Rapid terminations occur more frequently when second-stage reward differences are large and
when the best and second-best paths are in different branches. Because RSS optimizes only mean
reaction times and ignores distributional variance, it disproportionately exploits these rapid ter-
minations to account for decreases in second-stage mean reaction time with reward difference. In
contrast, PDA penalizes assigning negligible probability mass to regions away from the empirical
distribution, preventing such degenerate solutions from maximizing the likelihood and thereby
yielding more realistic reaction time distributions. We further validated our hypothesis by fitting
models using IBS method and it revealed the similar pattern, in which it favors FG model rather

than TS model (TS: BIC = 446.68; FG: BIC = 432.79).

3Near-immediate termination is defined as a second-stage decision occurring within 50 ms except non-decision
time.
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4 DiscussioN

In this paper, we developed a probability density approximation (PDA) method for fitting cog-
nitive models with continuous variables such as reaction time in multi-stage decision making.
Validation against analytical likelihoods and parameter recovery analyses demonstrated that
PDA provides robust and reliable estimates, outperforming both summary-statistic (RSS) and
tolerance-based (IBS) approaches. Applied to human data, PDA revealed that the model selection
conclusion from Solway and Botvinick [2015]—that planning proceeds via parallel integration
across independent paths—depends critically on the fitting method: when full RT distributions
are modeled rather than summary statistics, a simpler forward greedy model is preferred.

This reversal underscores a broader methodological lesson: good agreement with psychome-
tric curves does not guarantee that a model adequately captures human behavior. In our task,
fitting only mean behavior while neglecting distributional shape proved misleading, as model-
specific assumptions (specifically, the rapid second-stage terminations in the TS model) artificially
improved fits to mean RT and led to incorrect conclusions. PDA facilitates more principled model
evaluation by incorporating full distributional information, revealing misspecification that sum-
mary statistics conceal. Moreover, individual-level fitting becomes feasible even when the num-
ber of trials per participant is limited, enabling examination of individual differences in planning
strategies.

Importantly, the improved fit of the FG model under PDA should not be interpreted as evi-

dence that human planning is purely myopic or stage-wise independent. Rather, it suggests that
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the specific implementation of the TS model may be misspecificed, particularly in how evidence
is accumulated and the propagated across stages. In the TS model, evidence for all complete
paths is integrated in parallel, which can lead to excessive accumulation prior to the second stage
and consequently near-instantaneous decisions. This mechanism may overestimate the degree
to which future outcomes are incorporated during early stages of planning.

From a broader perspective, these findings may also align with resource-rational planning
[Callaway et al. 2022], which propose that humans adaptively balance computational cost against
expected reward. Instead of performing exhaustive tree search or fully parallel evidence integra-
tion, people may rely on simplified or approximate strategies that capture key aspects of the
environment while remaining computationally efficient [Kuperwajs et al. 2025]. Integrating be-
havioral modeling with process-level measures such as eye-tracking may provide further insight
into the strategies underlying human planning [Callaway et al. 2024].

In the present study, exploratory analyses of fixation patterns revealed that visual attention
is systematically modulated by both uncertainty [Fan et al. 2024] and value [Krajbich et al. 2010;
Krajbich and Rangel 2011] (see Appendix). Specifically, participants preferentially allocate atten-
tion to nodes that are either more uncertain or more valuable, suggesting a dynamic allocation of
cognitive resources during tree search. These findings indicate that existing computational mod-
els, such as those assuming fully parallel evidence accumulation [Solway and Botvinick 2015],
may not fully capture the mechanisms underlying human planning behavior. Future work should
aim to integrate value- and uncertainty-guided attention into computational models, enabling a
more fine-grained and process-level account of planning.

We also explore how to derive the optimal policy in the decision tree based on the previous
framework [Drugowitsch et al. 2012; Tajima et al. 2016, 2019; Jang et al. 2021] (see Appendix).
Under this normative framework based on Bayesian evidence accumulation and dynamic pro-
gramming, the optimal strategy balances the expected value of committing to a branch against

the value of continued information sampling, leading to time-dependent decision boundaries that
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collapse as the cost of deliberation increases. Although there are several critical assumptions
in our framework, incorporating these principles from the optimal policy-such as uncertainty-
sensitive stopping rules and belief propagation-may provide a promising direction for developing
more accurate and mechanistically grounded models of multi-stage planning. Future work may
also consider combining with neural network method to approximate the optimal policy when
the derivation of such planning task is intractable [Chen et al. 2026].

Future work could extend the present framework in several important ways. First, the accu-
racy of PDA likelihood estimates depends critically on the number of simulated samples used for
kernel density estimation. Indeed, small sample sizes can introduce substantial bias, particularly
for low-probability events. Second, neither model we tested fully captured human RT distri-
butions, suggesting that more flexible model architectures may be needed. Future work could
address sample efficiency by incorporating importance sampling [Tran et al. 2020] or by using
neural networks to approximate likelihood functions [Fengler et al. 2021]. In addition, prior work
has shown that omission trials can substantially affect parameter estimates [Leng et al. 2024]; in-

tegrating omissions into our framework represents another promising direction.
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A APPENDIX

A.1 OPTIMAL POLICY IN DECISION TREE

A.1.1 GENERATIVE MODEL

We consider a sequential evidence accumulation framework in which the latent reward of each
option (or node in the decision tree) is denoted by z;. The agent does not observe z; directly, but
instead receives noisy samples over time.

Mathematically, At each time step t, the agent receives a noisy and momentary observation

increment from the latent variable:

Sx;i(t) ~ N (z; 8t, o2 5t) (A1)

then the accumulated evidence evolves as:

N
x(t) = Z Sx;(n), t=N6t (A.2)
n=1

We assume a Gaussian prior over latent rewards:

2~ N(33,) (A.3)
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A.1.2 OpTiMAL EVIDENCE ACCUMULATION

Here, we define optimal accumulation process in the sense that it integrates evidence over time
while accounting for uncertainty reduction. Under Gaussian assumptions, the posterior remains

Gaussian:

p(z | x(2) < p(x(2) [ 2) p(2) (A.4)

with posterior mean and covariance:
p(t) =3(0) (572 + 37 (1),  =(0) = (57 + 1550 (A.5)

That is, the agent sequentially updates beliefs using Bayes’ rule and posterior variance decreases

with time.

A.1.3 OpPTIMAL STOPPING RULE

The optimal policy is derived using dynamic programming, Let V(z, t) denote the value function,
which represents the maximal expected return given current belief state z at time ¢. The Bellman

equation is:

V(Z> t) = max {Qwait(z’ t), Qleft(z)’ Qright(z)} (Aé)

The value of waiting is given by the expected future value minus a time cost:
Owait(z, 1) = / V(Z,t+At)K(Z' | z)dZ’ —c- At (A7)

where K(z' | z) is the transition kernel induced by Bayesian belief updating, c is the cost of
time, At is the time step. Different from simple choice decision making [Tajima et al. 2016, 2019]

where the observation is independent across different items, in our decision tree setup, the path
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value is correlated since two paths within the same branch share the same root node. To take this

correlation into account, we assume that the belief state is two-dimensional and evolves as:

K(zy, 2y | z1,22) = N (2} | z1,07) N (2} | z2,05) (A.8)

where
2
(nz) ~ Nz, s=| 1 P (A.9)
poioy 05

To examine how correlation shapes decision-making under this framework, we consider a
simplified setting with two options and varying levels of correlation (p = —0.5,0,0.5). Correla-
tion influences the relative value of further sampling by altering the joint uncertainty structure,
thereby reshaping the geometry of the decision boundaries. Consistent with prior work, the de-
cision boundaries collapse over time, reflecting an increasing urgency to commit as the cost of
sampling accumulates [Tajima et al. 2016, 2019]. Notably, we find that higher correlation reduces

the magnitude of the decision boundary, indicating that correlated evidence facilitates faster de-

cisions by diminishing the benefit of additional information sampling,.
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Figure A.1: Effect of correlation on optimal decision boundaries. Left: Policy regions at t = 0 for
different correlation levels (p = —0.5,0,0.5). Right: Decision boundaries collapse over time, reflecting
increasing urgency. Higher correlation reduces boundary magnitude, leading to faster decisions. Higher
correlation leads to smaller boundary magnitudes, indicating reduced value of further sampling and faster
commitment under correlated evidence.
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For choice actions, the agent evaluates the expected reward of that subtree when committing

to a subtree. Here, we define its value by the maximum over its terminal nodes:

Qleft(z) = E[max(zrr, z1r)]  Qright(z) = E[max(zgy, zrr)] (A.10)

Thus, the agent compares the expected values of that subtree values rather than individual nodes.

To compute this value, we use the Clark formula [Clark 1961]:

E[max(X, Y)] = i®(8) + 1®(~3) + 0 $() (A.11)

where

H1— M2
0

0= \/012 + 05— 2poioy, 6 = (A.12)

and @, ¢ are the standard normal CDF and PDF. This provides an analytic solution for subtree
valuation under uncertainty and correlation.

Figure A.2 illustrates how the expected value of a subtree, defined as E[max(X, Y)], varies
with the posterior means of two variables. In tree search, this corresponds to evaluating a branch
by taking the maximum over its path nodes. The surface shows that the expected value increases
monotonically with both means, with a smooth nonlinear transition near the diagonal where
the two values are similar. As reflected in the contour plot, the value function behaves as a soft

maximum, rather than a purely additive or winner-take-all rule.

A.1.4 OpTIMAL PoLICY STRUCTURE

To characterize the structure of the optimal policy, we solved the Bellman equation over a dis-
cretized belief space using dynamic programming. As the optimal policy is defined in the 5-
dimensional space (4 belief dimensions + 1 temporal dimension), we ran a toy version to show its

overall policy structure. Specifically, the belief space was defined over a grid of posterior means,
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Figure A.2: Expected subtree value as a function of posterior means. Left: Tree structure highlight-
ing a subtree (LL, LR) whose value is computed as E[max(X, Y)]. Middle: Surface plot of E[max(X,Y)]
as a function of posterior means px and py. Right: Corresponding contour plot. The smooth curvature
near the diagonal reflects uncertainty integration, where both options contribute to the expected value
when their means are similar.

with 50 belief grid points per dimension and 100 time steps, and truncated within a bounded
range of zn,x = 3. The temporal resolution was set to At = 0.1, and a constant time cost ¢ = 0.5.

Due to its high dimensionality of policy structure, we can only plot it in the 2-dimensional
space once we fixed the other two path values. Figure A.3 illustrates how the optimal policy is
modulated by the values of different subtrees in the decision tree. The top row shows the policy
as a function of the values of the left subtree (LL, LR), while holding the right subtree fixed. As
the values of the left subtree increase, the decision region corresponding to choosing the left
branch expands, while the waiting region shrinks. This indicates that higher expected subtree
value reduces the need for further sampling and promotes earlier commitment.

The bottom row instead varies the values along the LR-RL paths, while keeping the remaining
nodes (e.g., LL and RR) fixed. In this case, the decision boundary is shaped by the relative value
between competing paths across the two subtrees. As the value difference between LR and RL
increases, the policy increasingly favors the higher-value branch, leading to a shift from waiting
to immediate commitment. When the two paths have similar values, a broad waiting region
emerges, reflecting increased uncertainty.

Several critical assumptions underlie the derivation of the optimal policy presented here. First,

the application of the Clark formula is restricted to the case of two (possibly correlated) Gaussian
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Figure A.3: Effect of subtree and path values on the optimal policy. Top row: Policy as a function of left
subtree values (LL, LR), with the right subtree fixed. Bottom row: Policy as a function of path values along
LR and RL, while holding other nodes fixed. Colors indicate actions (choose left, choose right, or wait).
Increasing the value of a subtree expands its corresponding decision region. When competing paths have
similar values, a larger waiting region emerges, reflecting increased uncertainty and the value of further
sampling.

variables [Clark 1961]. When extending the breadth of the subtree to include more than two
terminal nodes, no closed-form analytical solution exists for computing the expected maximum,
and approximation methods—such as simulation-based techniques—are required.

Second, the optimal policy derived in this framework applies primarily to the first stage of
decision-making, in which the agent accumulates evidence and selects between two branches.
In the experimental task, however, participants subsequently make a second-stage decision after
committing to a branch. Although this second-stage decision can be approximated by standard
sequential sampling models [Tajima et al. 2016, 2019], it is important to note that the evidence
accumulated during the first stage should, in principle, be retained and carried forward. The cur-
rent formulation does not explicitly model this propagation of belief across stages. Future work

could address this limitation by incorporating mechanisms to preserve and update beliefs across

hierarchical decisions, for example through extensions based on nested dynamic programming.
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A.2 EYE-TRACKING RESULTS

In addition to the behavioral results shown in the main texts, we also collected 17 participants’
eye-tracking data during the task, in order to better understand the evidence integration and
strategy underlying decision-making. Fixation patterns provide a window into how participants
allocate attention across nodes in the decision tree [Callaway et al. 2024], and whether such
allocation is consistent with value-based or uncertainty-based strategies [Fan et al. 2024].

First, we categorized fixations according to node depth within the tree. Across both tree con-
figurations, participants exhibited a strong bias toward first-layer nodes during the initial stage,
with significantly longer fixation durations compared to second-layer nodes. After committing
to a branch, attention shifted toward second-layer nodes to further refine the decision. This pat-
tern suggests that participants do not allocate cognitive resources uniformly across all nodes, but
instead adapt their attention based on the hierarchical structure of the task. Such behavior is
consistent with a resource-rational strategy, in which limited cognitive resources are selectively

deployed to maximize decision-relevant information [Lieder and Griffiths 2020]

Tree 2

? Layer type e Layer type
first layer 20 first layer
second layer second layer

B other s other

Fixation duration
Fixation duration

Stage 1 Stage 2 Stage 1 Stage 2

Tree 1 Tree 2

Figure A.4: Fixation duration across node layers and decision stages for Tree 1 and Tree 2. Fix-
ations are categorized into first-layer nodes, second-layer nodes, and other regions. During Stage 1, par-
ticipants exhibit longer fixation durations on first-layer nodes, indicating an initial focus on high-level
branch evaluation. In Stage 2, fixation shifts toward second-layer nodes, reflecting refinement within the
selected subtree. Error bars denote + s.e.m., and dots represent individual participants.
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To examine how reward influences fixation behavior, we further categorized fixations based
on the absolute reward difference between the two first-layer nodes. Fixation duration systemat-
ically decreased as the reward difference increased: when the two options were similar in value,
participants spent more time fixating, whereas larger differences led to shorter fixation dura-
tions. This pattern is consistent with uncertainty-driven information sampling [Fan et al. 2024],
whereby small reward differences correspond to high decision uncertainty and thus increased
sampling, while large differences reduce uncertainty and facilitate faster decisions.

In addition, fixation duration was consistently longer for chosen nodes compared to unchosen
nodes, reflecting a value-driven allocation of attention. This finding aligns with previous work
demonstrating that visual attention is biased toward higher-value options and plays an active

role in shaping choice behavior [Krajbich et al. 2010; Krajbich and Rangel 2011].
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Figure A.5: Relationship between fixation duration and absolute reward difference between
first-layer nodes (|L — R|) during Stage 1 for both tree configurations. Fixation duration decreases
as reward difference increases, indicating reduced sampling under lower uncertainty. Blue and orange
lines denote chosen and unchosen nodes, respectively, while the dashed black line shows their difference.
Error bars denote + s.e.m. This pattern is consistent with uncertainty-driven information sampling.

We further examined fixation duration across different tree configurations, categorized by the
relative ranking of path values. Fixation patterns varied systematically as a function of path value,

with higher-value paths receiving longer fixation durations. This result suggests that attention is
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not merely stimulus-driven, but is guided by value. Specifically, participants selectively allocate
attention to nodes that are more likely to influence the final decision, consistent with a value-
directed information sampling strategy.
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Figure A.6: Fixation duration allocated to different paths across tree configurations. Each con-
figuration manipulates the relative ranking of path values. Participants allocate more fixation time to
higher-value paths, with the strongest bias toward the maximum-value path. Lines connect individual
participants, and bars show group means with + s.e.m., indicating consistent value-directed attention
across configurations.

Finally, we examined the relationship between fixation duration and choice probability at
the first stage. The probability of selecting an option increases monotonically with the amount of
fixation it receives, an effect that is strongest for high-value nodes and consistent across both tree
structures. Notably, the influence of fixation duration on choice is most pronounced for nodes
with intermediate reward values, where decision uncertainty is highest. These results provide
further evidence that value-directed fixation plays a causal role in shaping choice. Within the
framework of the optimal policy [Callaway et al. 2021; Jang et al. 2021], fixation can be interpreted
as a form of selective information sampling, whereby the agent preferentially gathers evidence

from the most informative nodes.
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Figure A.7: Choice probability as a function of fixation duration quantiles for different first-
layer reward levels in Tree 1 and Tree 2. Higher fixation duration is associated with increased prob-
ability of choosing the corresponding option, with stronger effects for higher-value options. Error bars
denote + s.e.m. These results indicate a systematic relationship between attention allocation and decision
outcomes, consistent with value-directed evidence accumulation.

A.3 MobDEL COMPARISON

The table summarizes model fits across RSS, PDA, and IBS, with BIC used for comparison. Con-
sistent with prior work, the two-stage independent paths model provides the best fit under RSS.
However, likelihood-based methods (PDA and IBS) yield a different pattern, with the forward
greedy model achieving the lowest BIC, indicating a better fit under these frameworks.

We did not include the one-stage vigor model and its variants from PDA fitting. These mod-
els assume second-stage reaction times are driven solely by reward-dependent vigor and fail to
capture continued deliberation, leading to systematic underestimation of second-stage accuracy.
Consistent with prior findings [Solway and Botvinick 2015], our preliminary IBS results also

showed inferior performance, so we did not further evaluate these models under PDA.
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Table A.1: Model comparison based on RSS method

Models Types Parameters Num of Pars ~ RSS
1 Two-stage, independent paths (primary model) d1, d2, 6, 6;, T1, T2 6 -289.11
2 Two-stage, correlated paths di1, d2, 6;, 05, T1, T2 6 -280.81
3 Two-stage, independent paths, with pruning di1, d2, 0y, 0,, T1, T2, Oprun 7 -279.50
4 Two-stage, correlated paths, with pruning d1, d2, 6y, 0,, T1, T2, Oprun 7 -276.48
5 Two-stage, independent paths, single drift d, 0, 05, T1, T2 5 -281.45
6 Forward greedy di, dz2, 6,, 6,, T1, T2 6 -257.96
7 Backward search do, d1, d2, 6y, 6;, 6,, T1, T2 8 -265.44
8 Backward search, same first-stage parameters  d0, d2, 6y, 0, T1, T2 6 -254.66
9 Backward search with reset do, d1, d2, 0y, 61, 6, T1, T2 8 -273.89
10 Backward search with reset, same first-stage do, d2, 6y, 6,, T1, T2 6 -278.17
11 One-stage with vigor d, 0, vigor1, vigor2, T1, T2 6 -
12 One-stage with single vigor d, 6, vigor, T1, T2 5 -
13 One-stage with single vigor and rating noise d, 8, vigor1, vigor2, T1, T2, rating_sd 7 -

Table A.2: Model comparison based on PDA method

Models Types Parameters Num of Pars ~ PDA
1 Two-stage, independent paths (primary model) d1, d2, 8y, 6,, T1, T2 6 3556.85
2 Two-stage, correlated paths di1, d2, 6;, 65, T1, T2 6 3556.42
3 Two-stage, independent paths, with pruning di1, d2, 04, 02, T1, T2, Oprun 7 3576.54
4 Two-stage, correlated paths, with pruning di1, d2, 04, 02, T1, T2, Oyrun 7 3564.25
5 Two-stage, independent paths, single drift d, 6,, 05, T1, T2 5 3555.47
6 Forward greedy di1, d2, 6,, 6,, T1, T2 6 3523.46
7 Backward search do, d1, d2, 8y, 64, 65, T1, T2 8 3642.90
8 Backward search, same first-stage parameters  d0, d2, 6y, 62, T1, T2 6 3645.45
9 Backward search with reset do, d1, d2, 0y, 64, 65, T1, T2 8 3650.93
10 Backward search with reset, same first-stage do, d2, 6, 65, T1, T2 6 3644.01
11 One-stage with vigor d, 8, vigor1, vigor2, T1, T2 6 -
12 One-stage with single vigor d, 0, vigor, T1, T2 5 -
13 One-stage with single vigor and rating noise d, 8, vigor1, vigor2, T1, T2, rating_sd 7 -

Table A.3: Model comparison based on IBS method

Models Types Parameters Num of Pars  IBS
1 Two-stage, independent paths (primary model) d1, d2, 6,, 6, T1, T2 6 446.68
2 Two-stage, correlated paths d1,d2, 04, 6,, T1, T2 6 472.17
3 Two-stage, independent paths, with pruning d1, dz, 6, 6;, T1, T2, Oyrun 7 442.89
4 Two-stage, correlated paths, with pruning d1, dz, 0, 0;, T1, T2, Oprun 7 445.64
5 Two-stage, independent paths, single drift d, 64, 6, T1, T2 5 464.62
6 Forward greedy di1, d2, 6, 65, T1, T2 6 432.79
7 Backward search do, d1, d2, 6,, 6,, 65, T1, T2 8 447.86
8 Backward search, same first-stage parameters  d0, d2, 6y, 0, T1, T2 6 455.92
9 Backward search with reset do, d1, d2, 6,, 64, 65, T1, T2 8 449.22
10 Backward search with reset, same first-stage do, d2, 6, 6;, T1, T2 6 451.75
11 One-stage with vigor d, 6, vigor1, vigor2, T1, T2 6 530.06
12 One-stage with single vigor d, 0, vigor, T1, T2 5 532.74
13 One-stage with single vigor and rating noise d, 0, vigor1, vigor2, T1, T2, rating_sd 7 530.18
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